. I Let N be a sufficiently large integer and 1 ≤ H ≤ N an integer. Let This should be compared with a recent result about the positive proportion of such integers in short intervals by Liu-Zhao [ ] which holds for H = N 17/18 . As an immediate consequence of Theorem we can say that, for N sufficiently large, every interval of size larger than N 31/36+ε contains the expected amount of integers which are a sum of four prime cubes. Assuming the Riemann Hypothesis (RH) holds we can further improve the size of H.
Theorem . Let N ≥ 2, 1 ≤ H ≤ N be integers and assume the Riemann Hypothesis RH holds. Then there exists a positive absolute constant B such that
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As an immediate consequence of Theorem we can say that, for N sufficiently large, every interval of size larger than N
11/15+ε
contains the expected amount of integers which are a sum of four prime cubes. If in Theorem instead of r(n) we consider R(n) = 
, because we can discard the contribution of J 3 in section below.
In both the proofs of Theorems -we will use the original Hardy-Littlewood generating functions to exploit the easier main term treatment they allow (comparing with the one which would follow using Lemmas . and . of Vaughan [ ]).
We remark that
We further set
and, moreover, we also have the usual numerically explicit inequality 
Proof. By ( ) we can write that
and the result follows immediately.
Lemma (Lemma of [ ])
.
Lemma . Let ℓ ≥ 1 be an integer, N ≥ 2 and α ∈ [−1/2, 1/2]. Then
where ρ = β + iγ runs over the non-trivial zeros of ζ (s). 
Proof

Lemma (Lemma of [ ])
. Let N be a positive integer and µ > 0. Then
Lemma . Let ε be an arbitrarily small positive constant, ℓ ≥ 1 be an integer, N be a sufficiently large integer and L = log N. Then there exists a positive constant c 1 = c 1 (ε), which does not depend on ℓ, such that 
where In the unconditional case a crucial role is played by Lemma (Hua). There exists a suitable absolute constant A > 0 such that
Proof. The first part follows via partial integration from the analogue one for the S 3 (α; P) = n≤P Λ(n)e(n 3 α) which can be obtained from the estimate for n≤P e(n 3 α) in the form described in section . of Deshouillers [ ]; the von Mangoldt function inserts a logarithmic weight whose total contribution can be inserted in the power of L. The second part follows from the first. 
say. Now we evaluate these terms.
. . Estimation of I 2 . By ( ), the Cauchy-Schwarz inequality, and Lemma it is clear that
where A > 0 is a suitable absolute constant.
. . Estimation of I 3 . Clearly
Hence by Lemma we have
say. By the Hölder inequality, Lemmas and and ( ) we get
An analogous computation gives
and, by ( )-( ), we can finally write
. . Evaluation of I 1 . Since Γ(4/3) = (1/3)Γ(1/3), we have that
say. By ( ) and Lemma , a direct calculation gives
Using ( ) and ( ) we get
say. By ( ) and Lemma we obtain that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
( ) provided that B/H ≤ N −13/18−ε , i.e., H ≥ BN 13/18+ε . By the Cauchy-Schwarz inequality, ( ) and ( ) we obtain that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
provided that H ≥ BN 13/18+ε . By using twice the Cauchy-Schwarz inequality, Lemma , ( ) and ( ) we obtain that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
provided that H ≥ BN 13/18+ε . Hence by ( )-( ) we finally can write that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
provided that H ≥ BN 13/18+ε . Summing up, by ( )-( ) and ( ) we have that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
. . Final words. Summing up, by ( )-( ), ( ) and ( ) we have that, for every ε > 0, there exists c 1 = c 1 (ε) > 0 such that
provided that H ≥ BN 13/18+ε . The second error term is dominated by the first one for H ≫ N 1+ε B −1 . Optimizing the conditions over H we see that the value chosen in ( ) is optimal. So from now on we have H ≥ N 31/36+ε . The third error term is now dominated by the first. Hence we can write that, for every ε > 0, there exists C = C(ε) > 0 such that
provided that H ≥ N 31/36+ε and H ≤ N. Using e n/N ≤ e 2 and ( ), the last error term is ≪ H 2 N −2/3 . Hence we get that, for every ε > 0, there exists C = C(ε) > 0 such that
. T From now on we assume the Riemann Hypothesis holds. Comparing with section we can simplify the setting. Recalling ( ) and Γ(4/3) = (1/3)Γ(1/3), we have
. . Evaluation of J 1 . By Lemma , a direct calculation gives
Hence
Let
By ( ), Lemma and a partial integration we obtain
By ( ), S 3 (α) ≪ N 1/3 and ( ) we obtain
By the Cauchy-Schwarz inequality, ( )-( ) and ( ), we obtain
By the Cauchy-Schwarz inequality we obtain
Again by the Cauchy-Schwarz inequality, ( )-( ) and ( ), we obtain
Summing up by ( ) and ( )-( ), we can finally write that
. . Estimate of J 3 . It is clear that J 3 = I 3 of section . . Hence by ( ) we obtain 
